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Preliminary



Problem Formulation

 Aim to predict Y by X

« ResponseY
e 2classes: {0,1} or {—1, +1}
e M+ 1classes: {0,1, ..., M}

« Covariate X = (Xl,XZ, ...,Xp)T

* Classification by posterior probability 7;(X) = P(Y = j|X)

. Bayes classifier: ¥ = argmax; 1;(X)

Q: How to estimate ;(X)?



Statistical Inference Procedure

T[](X) = T[j(X} Q)

* Randomvariable Z = (X,Y) ~ g

« Model: g £ fy for a known function fg with unknown parameter 6
* Aim to estimate 0 by the data {Z;}}-,

* Regularized maximum likelihood estimation (MLE)
. log likelihood function: £(8) = % t o Infe(Z))
. maxy?(0) +1J(6) > 6

* A:penalty
* J(0): regularization



Another View of Estimation

* Two distributions
. . . . . n A 1 n
. Empirical distribution of {Z;}/-,: § = ~2.i=10z
- Model distribution: fg

* A geometric interpretation of estimation

Q: distance between g and fy?
« Find 0 so that g and fg are as close as possible

* Divergence D(g, f): a measure of distance between g and f

- D(g9,f) =0
- D(g,f)=0iffg=f



Another View of Estimation

* Minimum divergence estimation
- mingD (g, fo) + J(6) > 8

* Kullback-Leibler (KL) divergence
- Dk (g, f) =f1ng-g—flnf 9

« Dg1(§. fo) ¢ — [Infy - g === Info(Z)
« Minimize Dg; = MLE

« D determines the statistical properties of 6
= SVM
. y-divergence based robust statistical methods

all distributions

° g

mineD(ﬁ:fe)E
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A Quick Summary for Classification

e Random vector (X,Y)

all distributions

e Bayes classifier: ¥ = argmax ; 7; (X)
. Target: ;(X) = P(Y = j|X)

°J

mingD(g, f9)

* Model: ;(X) £ m;(X; 8) = model distribution fy

e Data: {(X;, Y;)};=; = data distribution g

e Estimating 0 via a proper D
- mingD(§, fy) + A4/ (8) = 8 and, hence, nj(X; é)




Logistic Regression



Logistic Regression (LR)

* Random vector (X,Y)
. BinaryY € {0,1}

« Covariate X = (Xl,Xz, ...,Xp)T

* Bayes classifier: ¥ = I{r;(X) > 0.5}
. Target: m{(X) = P(Y = 1|X)

* Model
- Y|X ~ Bernoulli(nl(X))

o I n Lo+ BTX © m(X) =

I{-}: indicator function

0= (ﬁo»ﬁ)

exp(Bo+BTX)

1-11(X)

1+exp(Bo+BTX)
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all distribution functions

Estimation of LR
°J
* Two distributions ming Dy (6, fo)

. Model: f5(y[x) = {m; ()Y {1 — my ()}~
. Data: {(X;,Y))} .12 0

:0 €0
* Estimation via Dy U :

- ming D, (§, fo) + AJ(6) >
» Dk (G, fo) = %Ziln {1 + 9’8°+ﬁTXi} - Yi(Bo + BT X))
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Classification of LR X,

1 (X)
1-14 (X)

* log-odds ratio: r(X) = In
T (X)>05r(X)>0

e Bayes classifier: ¥ = I{r(X) > 0}

. : _ (X)) T
Model: r(X) = In ———— fo+L'X

» Bayes classifier: ¥ = I[{f, + fTX > 0}

. Linear classifier with decision boundary Bo +8Tx=0
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Multiclass Logistic Regression



Multiclass Logistic Regression (MLR)

e Random vector (X,Y)
- ResponseY € {0,1, ..., M}

« Covariate X = (Xl,Xz,---»Xp)T

* Bayes classifier: ¥ = argmaxo< i<y 7;(X)
. Target: m;(X) = P(Y = j|X)
* Model
- Y|X ~ Multinomial(ﬂ(X)) with T(X) = (ﬂO(X), ...,T[M(X))

(X)W oo T . m eXp(BOj+BJTX)
n ln TL'O(X) = B]O + ﬁ] X <:> T[] (X) —_ 1+Z§y1=1 exp(BO-I-BTX))

1<j<M
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Multiclass Logistic Regression (MLR)

X7
* Two distributions J

I1(y=j)
- Model: fy(y|x) = }V’zo{nj(X)} o
. Data: {(X;, YD)}, 2> g

* Estimation via Dy
- mingDg; (g, fo) + A (6) 2> 6

e Thecaseof M = 2
-V =0ifBp+B{X<0and By +B,X<0
.g:1|f,810+,31:|r_X>Oandﬁ10+ﬁ1TX>,320+,8;X ”j(X)m .
. Y:2|fﬁ20 +ﬁ2X>Oandﬁ10+ﬁ]TX<ﬁ20+,B;_X 1nn-0(X)='Bjo+ﬁjX
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Neural Network

Non-linear extension of MILR



Neural Network (NN)

* Random vector (X,Y)
. ResponseY € {0,1, ..., M}

, T
MLR uses linear transformations of X to

exp(ﬁ0j+ﬁjTX)
1+3M exp(Bor+B/ X)

* Bayes classifier: ¥ = argmaxo< i<y 7;(X)

. Target: m;(X) = P(Y = j|X) model 77;(X) =

* Model
- Y|X ~ Multinomial(ﬂ(X)) with T(X) = (ﬂO(X), ...,T[M(X))
exp(aj(X))
>, exp(a;(X))

- NN uses non-linear transformations a;(X) to model ;(X) =
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Neural Network (NN)

e Two distributions

I(y=J)
- Model: f(y|x) = %o{ﬂj(x)} >
. Data: {(X;, )}, 23

* Estimation via Dy
» ming Dy, (g, fo) + () > 6

* NN and MLR differs in the ways of modeling 7; (X)
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Non-Linear Transformation a(X)

: k)
NN with K layers /[ intercept: A, " = 1V k }

Layer-1 Layer-2 Layer-3 Layer-K Output

Input: Layer-1

. X =AW gRp
AP AP AS© g

Hidden: Layer-2 to Layer-K

4D 4D ne - . AURD) = s (11700 400)
............. - W p,1 X pp matrix

: . W%+ non-linear function

Output: a(X) = WEIAK) ¢ gM+1
4@ 43 4 ) put: a(X)
D2 P3 PK M

L0 — 1 K
X =4W A®) 43 200 a(X) Parameter: 0 = (W( N 774 ))
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Neural Network (NN)

* NN is a non-linear extension of MLR
« The decision boundary is non-linear
. NN = MLR if h®)’s are linear functions

 Specification of NN
- Number of layers K

- Number of nodes p;, > Xq
. The choice of h(F)
. Regularization function J(8) and its penalty A Choices of h(F):
eZ—_p—Z
. tanh..h(z.) ==
* NN is usually overparameterized * rectified linear: h(x) = z,

. Regularization is necessary! * leaky rectified linear: h(z) =z, — az_
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LR as a Special Case of NN

 Specification of NN
- K=1

4
- D =2>owW® = ]
K+1 WZ 2D

Wi X
. _wwa — [P
a(X) =W'A A X]

NN with 1 layer

B exp(WoX) _ eXp(IBTX)
* 1) = s e ) Trexp(FTH)

- To(X) = 1 —m1(X)
P

Layer-1 Output

X = 4D a(X)
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Support Vector Machine



Support Vector Machine (SVM)

* Random vector (X,Y)
. BinaryY € {—1,1} Y =-1

« Covariate X = (Xl,Xz, ...,Xp)T

e Construct By, + B x = 0 that separates two groups perfectly
. Prediction rule: ¥ = sign(B, + f"x)

Ye{01}>Y =I1{B, + BTX > 0}
* Non-identifiability for the target

* Find the separating line with “maximum margin”
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Margin of B + B'x = 0

e Shifting distance without changing the classification result

* Two separating lines parallelto S + 8'x = 0
« L1: IBO + ,BTX =1
n LZZIBO +ﬁT.X':—1

* Marginof B + BTx =0
2

= Distance between L1 and L2: 2M = BN
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Support Vector Machine (SVM)

. . . . . . 2
* Aim: separating line B, + B "x = 0 with maximum margin 2M = Tl

. Able to tolerate more violation in future application

Bo+LTx=0
e max 2M s.t. — Y, TX)=>=MVi
B = YilBo + 5 Xy) o
||/3|| —Y;(By + BT X;) = distance from X; to L1 or L2 e ® K
et @

. r[plg 18117 st. Yi(Bo + B'X) 2 1V i
0

| -
. = Y,cca:X; for some a; with support set S 0P

,80+,8Tx:1
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SVM with Soft Margin

* Non-separable case = allow for violation

. %112 B> st. V(B + B X)) =1—¢;,6 >0, <B
0

= B: maximum total amount of violation
. ,63 = ).icc @; X; with the support set S

* B is a tuning parameter
. Larger B = larger support set S
- The role of regularization
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SVM with Soft Margin

* Prediction rule: ¥ = sign(ﬁo + ,éTX)
» Decision boundary: i, + ST = 0 Po+BTX =0

e Linear classifier

* Q: Connection to Bayes classifier?

27



Statistical View of SVM

* min 1B]1% s.t. X;[1 = Y;(Bo + BT X))+ < B

o rﬁmg BII* + C Y [1—=Y:(By + LT X;)], with Lagrange multiplier C
0

e min =Y.[1 — V. Ty. 1 2 with 1 = =
min =21 = ¥(Bo + B X)) ]+ + S AlIBII" with 2 = 2
* min [ L, Bo +BT)G + - AIBII ~ mingD(g, fo) + 1/ (6)
0.’ L(y,z) = [1 — yz], = hinge loss
. Empirical distribution g of data . Divergence ~ Loss

* DG fo) < J Ly, Bo+ BTG

28



Statistical View of SVM

* Population loss function of SVM
- E[1 —=Yh(X)]. withh(x) =B +B"x
m,(X) = P(Y = 1]X)
* Population target of SVM
- E{[1 -Yh(X)]41X} = (XO[1 — h(X)]4 +{1 — 7 (O} + h(X)],
+1,if m{(X) > 0.5
—1,if m;(X) < 0.5

) e _ ) : _ 11 (X)
. h*(X) = 51gn(r(X)) with log-odds ratio r(X) = In -

- Minimized at h*(X) = { - the Bayes classifier!
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LR Revisit withY € {—1,1}

* LR criterion: ming Dy (g, fo) + AJ(6)
- Y €{0,1}: Dk (g, fo) = %Ziln {1 + eBOJrBTXi} —Yi(Bo +BTX) >V =1{By + BT >0}
- YE{—1,1}:Dg.(§, fo) = %Ziln{l + e‘Yi('BOJ’ﬁTXi)} > Y =sign(By + BT X)

: ~ 1
» min [ L(y, Bo + BTG + 5 AIBII° 1
0

- L(y,s) =In(1 + e™>*): the logistic loss for y € {—1,1} J(0) = E“ﬁ”z

« Empirical distribution g

* Population target of LR
. E{ln(l + e—Yh(X)) |X} — 7'[1(X) ln(l + e—h(X)) + {1 _ T[l(X)} ln(l + eh(X))
. Minimized at h*(X) = r(X)
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SVM vs LR ! o Frx=0

(Linear) Bayes classifier: ¥ = sign(,[?o + ,[?TX)

min [ L(y, By + BTx)G + %/HI,[)’II2 with different loss
o SVM: L(y,z) = [1—yz],

« LR:L(y,s) =In(1+e77%) > X4
. D : _ 11 (X)
Different targ(ets re)ga rding 7(X) = In r——— hinge  L(s,2)
- SVM: sign(r(X) N
- LR:7(X) logistic

sign(r(X)) suffices for classification
. Complexity: r(X) > sign(r(X))
« Robustness in classification: SVM > LR
= Precision of interpretation: LR > SVM

v
N
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Kernel Trick

Non-linear extension of SVM and LR



Basic ldea

 An extension of linear model to its nhon-linear version

* [ L, Bo+BTX)G + 31112

- Linear model
. L2 norm regularization: ||B||?

OL(y,Bo+BTx) . + 2P

. Statlonary equation: | a0 0 =0
- [ =), a;X; for some q;
» Predictionscore: fTx = Y a; (X x) =Y a; (x, X;)

. Depends only on inner products (x, X;),i = 1, ...,n
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Kernel Trick

* Non-linear extension = non-linear transformation of X

« NN =2 a(X)
. interaction terms X, X,, polynomial terms X2...

 Kernel Trick = high-dimensional transformation X — ¢(X) € R®
- The exact form of ¢ is NOT important
. Only need to calculate (¢ (x), ¢ (2))

 Kernel function K(x,z) 2 (¢p(x),d(2)) 2 K(x, z)

2
. Eg.,K(x,z) = exp (—y||x — Z|| )
- ¢ isimplicitly determined by K
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Non-linear Extension

* Choose a kernel K(x,z) = (¢p(x), p(2))
- ¢d(x) is implicitly determined

* Transformed data: {(¢(X;),Y;)}i4

» Bayes classifier: sign(f, + BT ¢ (x))

e Estimation via the loss L

. ming, g [ L(y, B0 + BT4(0))g + 2211817
- B =YY" a;¢p(X;) for some q;

35



Non-linear Extension

« B =TT aip(X) and K (x, 2) = (p(x), p(2)) K= [

. Bayes classifier: fTp(x) = 3™, a; K (x, X;)
. Regularization: ||B]1? = X;; a;a;K(X;, X;) = a"Kar

e Criterion: mmf Lly,ap + 2o, aiK(x, X)) g + %AaTKa
- hinge Ioss L(y z) = [1 — yz], = Kernel SVM
. logisticloss L(y,s) = In(1 + e™%) - Kernel LR

* (Non-linear) Bayes classifier: sign(@y + X/, @; K (x, X;))

 Extra tuning parameters for K(ch,z)
. yofK(x,z) = exp(—y||x—z|| )

7]

X;)
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Another View of Kernel Trick

. T A 1 2
min [ L(y, Bo + BTx)g + 5 Al|B]
BOJB 2

eminf L(y,ay + X%, a;K(x,X;))g + %/laTKa
do, X

 Fitting by kernel data {(¢ (X)), Yi)}?zl with regularization o ' K«
- x - p(x) = [K(x,Xq), ..., K(x,X,)] € R™, an approximation of ¢(x) € R®

'l T ay 1 N\ N\
. gu(rxlf L (y, ag+a'p(x)) g+ E/mTKa: -2 (A, @)
0>
. Bayes classifier: sign(c?o + &Tgb(x)) Existing codes suffice to
implement Kernel Trick!

37



Summary

MLR

non-linear extension
via multi-layer a(X)

Y e€{0,1,.., M}

different loss L(y, s)

non-linear extension
via kernel trick ¢ (X)

SVM

non-linear extension
via kernel trick ¢ (X)

> NN
»  Kernel LR
» Kernel SVM
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